difference between normal
dew point and normal boiling
point, dimensionless, T",— T,/

Td_Tb

9cor: = corrected temperature param-
eter, §—A8

w = pressure ratio dimensionless,
P./P,

T = temperature ratio, dimension-

less, T./T".
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Filter Cake Washing Performance

M. T. KUO

American Cyanamid Company, New York, New York

Differential equations for a filter cake wash cycle are derived on the assumption that the
wash liquor executes plug flow in the pores of the cake, with continuous mass transfer between
the liquor and o boundary film of filtrate. These equations are solved and the solutions presented
as performance charts. The solutions are compared with certain experimental results.

There is considerable literature on
filter cake washing (6, 7, 8, 9) based
on filtration equations such as Kozeny’s
(10, 11). These filtration equations are
essentially hydrodynamic = equations,
based in general on Hagen-Poiseuille
flow, requiring the use of some (gen-
erally semiempirical) connection be-
tween pressure drop and flow rate in
order to predict the behavior of a wash
cycle.

There is however a different ap-
proach to wash analyses which assumes
a known flow pattern in the filter cake
and writes differential material balances
involving empirical mass transfer co-
efficients. Rhodes (5) presented a per-
formance equation of this general type
and correlated it with certain data for
sodium chloride washing, assuming
that the wash liquor was perfectly
mixed with the filtrate so that the mass
transfer coefficients did not appear ex-
plicitly. His performance equation was
accordingly a simple exponential decay
in wash liquor solute concentration
with time.

The present paper presents transport
equations of a more realistic sort, as-
suming plug flow in the pores of the
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filter cake, with continuous mass ex-
change between the wash liquor and a
boundary film of filtrate. The appropri-
ate differential equations turn out to be
a simple form of those studied by Gold-
stein (2) in another connection and
have an explicit mathematical solution.
The physical model assumed for the
washing is presented below, as are the
differential equations. The mathemati-
cal solutions of these differential equa-
tions are given and compared with
some of Rhodes” data. Figures 1 and 2
present these mathematical solutions in
a concise graphical form, and so serve
as design charts for a wash cycle. Cer-
tain extreme cases are discussed.
Figures 1 and 2 are plots of the
solute concentration in the wash liquor
and the filter cake respectively. In
making a design to meet certain re-
quirements on the filter cake concen-
tration one would use Figure 2, either
at the position corresponding to the
highest concentration or at some aver-
age position. To make a design in this
way requires of course a knowledge of
such parameters as mass transfer co-
efficients which can only be obtained
by experiment. In interpreting data,

A.1.Ch.E. Journal

where only exit wash liquor concentra-
tions would generally be available,
one would use Figure 1 to determine
those values of the parameters which
made the theory agree best with the

observations.

THE DIFFERENTIAL EQUATIONS

It is assumed that before the start of
a wash cycle most of the filtrate has
been forced out of the filter cake pore
spaces by the pressure difference across
the filter cloth. A channel for the flow
of wash liquor is thus formed, with a
stagnant film of filtrate remaining on
its surface. The washing serves to ex-
tract the remaining solute from this
film.

Whether the pore spaces have been
created by the pressure difference
across the filter cloth, or whether the
excess liquid in the filter cake is pushed
out by the first passage of wash liquor,
is really of no consequence in what
follows. The differential equations be-
low are written only where the wash
liquor contacts the pore surface, and
the mathematical solutions apply at a
given point only after the wash liquor
has arrived there.

The flow channel and the filtrate
film are taken to be of uniform cross
section,
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wash liquor, solute concentration = ¢,

X=L

—> filtrate film,
solute concentration = ¢,

Pore Channel

with the wash liquor executing plug
flow down the channel, and with trans-
port of solute between the wash liquor
and the filtrate occurring at a rate pro-
portional to the solute concentration
difference.

A material balance on solute in a
differential slice of the pore gives for
the wash liquor

acl aC;
— = h(a—c) —U—
at (ex ) ox

0<x<L,t>—:—] (1)

and for the stagnant film

dc, x
—_—— L —C); 0 < L,t>—
P h.(c ) x < 5

To these must be added an inlet condi-
tion on the solute concentration in the
wash liquor

Ci=a;x=0,t>0 (3)

and an initial condition on the solute
concentration in the filtrate film

=B Ut<x<L,t>0 (4)

Equations (1) to (4) represent a com-
plete mathematical specification of the

MATHEMATICAL SOLUTIONS AND
COMPARISON WITH DATA

Equations (1) to (4) are a simple
form of those studied by Goldstein (2)
in connection with fixed bed ion ex-
change problems. They have the ex-
plicit solutions

Ci—a J—
o =l Leve)
— fT e L (2VEn) dy

(5)

C;—a

B — a

=1 —J: eI, (2\/En)dn

(6)
In Equations (5) and (6) I,(Z) is the

zero order Bessel function with imagin-
ary argument (4):

Io(z) = ]o(iz)

Numerical values of I,(Z) and f7e"*™

1,(2\/én)dyn are tabulated by Jahnke
and Emde (3) and Brinkley (I) re-
spectively.

Figure 1 is a set of plots of the di-
mensionless solute concentration in the
wash liquor (5) against 7 for various
¢. Figure 2 is the corresponding set of

In comparing the mathematical solu-
tions (5) and (6) with data one must
bear in mind that the only quantity
generally available to the experimenter
is the outlet concentration of solute in
the wash liquor. At the pore outlet the
dimensionless variables ¢ and r become

hL
U

h,
f and T = hzt —_ E f
The matching of the mathematical
solution to data thus becomes a ques-
tion of finding those values of the par-

ameters

hL b,

U " h
which give the best agreement between
the observed values of ¢, (L, t) and
those computed from (5). It should be
noted that « may be assumed known
and B often taken equal to zero.

In the experimental data of Rhodes
(5) runs 1 and 3, for which data are
given for the longest times, were taken
for numerical analysis with « = 0.
Satisfactory agreement between com-
putation and experiment was obtained
with

3h‘-’>a’ﬁ

Run no. 1 3
Flow rate of
wash liquor, ( = ) 0.0047 0.0030
sec.
Thickness of
cake, (in.) 0.5 1.1
hL
— 0.5 2.5
U
h./h, 1.7 0.696
he 0.0085 0.005
8 0.015 0.015

The comparison is shown in Figures
3 and 4.

The very satisfactory agreement be-
tween the present theory and Rhodes’
data shown in Figures 8 and 4 can of
course also be obtained by a variety of

semiexperimental formulas. Rhodes’
formula in particular fits his data very
well. These semiempirical formulas

concentration functions ¢, ¢.. Their plots for the dimensionless solute con- however cannot easily account for the
solution will be given below. centration in the filtrate film (6). sharply dropping concentration profiles
1o = "°v§ T T 1
o n = &= Di 1 I —[P Le [m o8 1 &« Dimensi Pore Length [
N | NN O e oo DN P 7
08 {80 — definttions) H .
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Fig. 1. Solute concentration in wash liguor.
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T =Dimensionless Pseudo - Time

Fig. 2. Solute concentration in filtrate film.
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Fig. 3. Solute concentration in exit wash liquor.

appearing in certain modes of opera-
tion, where the wash liquor pushes out
the solute before it as a piston. The
present theory accounts in a straight—
torward way for their pistonlike be-
havior by taking h to be large.

EXTREME CASES

An interesting special case of the
solutions (5) and (6) arises when h is
taken arbitrarily to be large. In this
case the system cannot support any
concentration difference between the
wash liquor and the filtrate film, and
the solution becomes, as shown by
Goldstein (2)

alx, t) =c(x, t) =

a;x< Ut
B;x>Ut

(7)

This solution represents the typical
plug displacement of filtrate from the
cake pores.

The performance equation given by
Rhodes (5) is not a special case of
(5) and (6) in the same sense as (7)
is. It might be obtained rather by in-
troducing some mixing mechanism into
the differential Equations (1) to (4)
and then allowing the mixing to be-
come better without bound. The solute
concentration in the outlet wash liquor
stream, ¢,(L, t), would then, by ordi-
nary material balance, satisfy the dif-
ferential equation

do _ea—a oy
dt 8 ’
a=248 ;=0

(8)

The parameters o and 8 have the same
meaning as in (1), (2), (3), and (4).
The initial value problem (8) has the
solution

(L, t) =a(l—e**) +- Be*”
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When « equals zero, this solution is

reduced to

e(Lt) =Be™; t>0 (9)

Rhodes derives his performance equa-
tion by taking the time ¢ in (9) to be
measured from some observed break
point in the ¢, curve, rather than from
the beginning of the wash cycle. That
is he replaces (9) by an equation of
the form

a(L,t) =Be ™", t>a (10)

where B, 6, and A appear as parameters
to be determined by experiment.
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NOTATION
A

cross-sectional area of a chan-
nel perpendicular to direction
of flow, sq. ft.

cross-sectional area of film
in a channel perpendicular to
direction of wash liquor flow,
sq. ft.

concentration of solute in
wash liquid, mole/cu. ft.

= concentration of solute in
stagnant film, mole/cu. ft.
mass transfer coeflicient, mole/
sq. ft.-sec.-mole/cu. ft.

hS/A, = modified mass trans-
fer coefficients, 1/sec.

hS/A, = modified mass trans-
fer coefficients, 1/sec.

“length of pore channel, ft.
surface area in a channel for
mass transfer, sq. ft./ft.

time from beginning of wash
cycle, sec.

over-all washing time, sec.
linear velocity of wash liquid,
ft./sec.

distance from wash-liquid in-
let in pore channel, ft.

A,

alx, t)

Ca(x, t)

I T |

™
I

a3

®
I
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t= Time (sec)

Fig. 4. Solute concentration in exit wash liquor.

Greek Letters

inlet concentration of solute in
wash liquid, mole/cu. ft.
initial concentration of solute
in stagnant film, mole/cu. ft.
time lag, sec.

L/U = wash liquor residence
time, sec.

¢, — a/B— « = dimensionless
concentration of solute in wash
liquor

= ¢, — a/8 — « = dimensionless
concentration of solute in fil-
trate film

h.x/U dimensionless dis-
tance from pore inlet

h,(t —x/U) = dimensionless
time from arrival of wash
liquor at pore distance X

Q =

2> ®
I
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